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a b s t r a c t
We introduce a model for the Contact Process with relaxing immunization CPRI. In this
model, local memory is introduced by a time and space dependence of the contamination
probability. The model has two parameters: a typical immunization time τ and a maxi-
mum contamination probability a. The system presents an absorbing state phase transition
whenever the contamination probability a is above a minimum threshold. For short im-
munization times, the system evolves to a statistically stationary active state. Above τc(a),
immunization predominates and the system evolves to the absorbing vacuum state. We
employ a finite-size scaling analysis to show that the transition belongs to the standard di-
rected percolation universality class. The critical immunization time diverges in the limit
of a → 1. In this regime, the density of active sites decays exponentially as τ increases, but
never reaches the vacuum state in the thermodynamic limit.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Far from equilibrium phase transitions have been a topic of growing interest in recent years, especially in systems having
absorbing states [1,2]. The simplest model exhibiting this transition is the directed percolation [3]. An important lattice
model for directed percolation is the Contact Process CP [4] that is also a standard model for epidemic spreading [5]. The CP
is an interacting particle system defined on a lattice whose dynamics obeys local Markovian rules. In this standard model,
particles assume only two possible states: active (or infected) and inactive (or healthy).
The CPmodel has a typical infection parameterλ and its order parameter is the density of active sitesρ. Despite the initial
conditions, the CP evolves to ρ → 0 for low values of λ. On the other hand, it evolves to a statistically stationary state with
a finite density of active sites for high values of λ. There is a critical λ = λc separating the active and inactive regimes. This
is referred as a non-equilibrium phase transition between a stationary vacuum state and a steady reactive state. Extensive
numerical simulations have shown that this transition from the absorbing state to the stationary active state is continuous
and belongs to the directed percolation universality class [1].
Among the mostly analyzed variants of the CP, one has the pair-contact process [6–8] as well as models that incorporate
particle diffusion [9–11]. Recently, many authors have explored the effect of disorder in CP models [12–14]. Regardless of
the attempts to explore new aspects on the CP, memory effects have been scarcely analyzed [15]. By contrast, in the standard
modeling of epidemics using differential equations, the Susceptible–Infected–Susceptible (SIS)model and its variants, many
proposals including the immune memory have been put forward [16].
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In this manuscript, we deal with a CP model that incorporates individuals’ immune memory. The case of permanent
immunizationhas been recently investigated and shown todepict a transition belonging to theusual percolationuniversality
class [17]. By considering that each immune individual has a finite probability of becoming susceptible again, it was shown
that the model depicts an absorbing state phase transition belonging to the directed percolation universality class [18]. In
Refs. [19,20]memory has been introduced in the CPmodel using long-ranged infection probabilities and incubation times. In
the present work, we will consider the probabilities of infection randomly distributed among the individuals but correlated
to a relaxing immunization. Another variant of the pair contact processmodel with diffusion presenting long-rangememory
has also been recently introduced [21]. However, in this model, memory is artificially presented to deal with the coupling
of diffusive pairs of particles, an effect that mimics particle correlations in the system. Here, we will not assume any kind of
explicit correlations among the immunization state of the particles as we set up the memory effect.
We develop a variant of the CPmodel that takes into account the health history of each individual. In what follows, we
refer to this model as the Contact Process with relaxing immunization CPRI. In this model the contamination probability λ
depends on space (the site i) and time (the time lag t since the last cure), thatmeans, λ = λ(i, t). In the usual CP λ is constant
and global. In the CPRI model, we use two quantities that modulate the strength of λ(i, t), namely a typical immunization
time τ and amaximumcontaminationprobability a. Therefore, in the presentmodel, the probability of an immune individual
becoming susceptible again is not constant but grows with time. In this sense, the model presents a spatially random
distribution of recovery probabilities that evolves in time. Static (quenched) disorder is known to be an ingredient that
can potentially influence the critical behavior of absorbing state phase transitions [22–24]. While uncorrelated dynamic
disorder is known to be irrelevant for directed percolation [25], a relevant question to be answered concerns the possible
influence of the currently introduced time-evolving correlated dynamic disorder on the critical behavior.
In this work, we explore the critical properties of the CPRI model. Without immunization (τ = 0), the absorbing
state phase transition takes place at a critical value of the maximum contamination probability ac(0). In the presence
of immunization, the critical point is shifted towards larger contamination probabilities. We will employ a finite-size
scaling analysis to show that the critical behavior belongs to the directed percolation universality class irrespective of the
immunization time. However, in the particular case of a = 1, the absorbing state is not reachable for any finite immunization
time, with the density of active sites decaying exponentially as τ increases.
The paper is organized as follows, in Section 2 we define the CPRI model and describe the algorithm used in the numeric
simulations. In Section 3 we report our numerical study of the phase transition displayed by the CPRI model, showing the
dependence of the density of active sites as a function of the immunization time and determine the critical exponents β/ν⊥
and ν⊥ from a finite-size scaling analysis. In Section 4, we compare our results with models in the literature and give our
concluding remarks.
2. Model and numerical procedure
In this section, we describe in detail the CPRI model. We define a state vector st(i) that assumes values 1 or 0 for the site
i being active (infected) or inactive (healthy) respectively. Besides, we have the site index ranging from 1 to L, where L is
the lattice size. The subscript index t indicates that the state vector evolves in time. At each Monte Carlo step (t → t + 1),
the values of st(i) are updated according to a stochastic dynamical rule. The index t is defined in the interval 0 ≤ t ≤ T .
By definition tC (i) indicates the last time site i changed from the active (infected) state to the inactive (healthy) state. In
addition, the last cure period 1t(i) for the site i is defined by: 1t(i) = t − tC (i). The period 1t(i), that is employed in the
definition of the CPRI model, is the time lag from the last cure. This quantity is the central element that we use to introduce
immune memory information in our model.
To adequately model a contamination probability in the CPRI, we introduce the parameters a and τ . The first one
modulates the strength of λ itself and the second the immune memory. To implement these features, we set the
contamination probability as:
λ(i, t) = a

1− exp
−1t(i)
τ

≡ a b, (1)
where the quantity b = 1− exp(−1t(i)/τ) is introduced by convenience and 0 ≤ a ≤ 1.
The parameter τ is interpreted as an immunization time. It is a typical immune period that is compared with the last
cure period to settle the strength of the effective contamination probability. To interpret the effect of τ in the dynamics
of the model, as well as to justify the form of Eq. (1), it is interesting to analyze its limiting cases: (i) τ → 0 implies in
λ(i, t)→ a; (ii) τ →∞ implies in λ(i, t)→ 0. In the case of large immunization times τ , the effect of the last cure period
in themodel is dramatic. In this case, the cure dominates the dynamics of the CPRI model and the contamination probability
goes to zero. In the opposite case of small τ , the importance of the immunization parameter is weak and, as a consequence,
the contamination probability attains its maximum value.
The CPRI model is simulated by a Monte Carlo algorithm that employs periodic boundary conditions in a linear chain of
size L. Within eachMonte Carlo step, we sort randomly the sites to be updated, thatmeans, the actualization of the dynamics
is at random. Moreover, we use an initial condition with all infected individuals and tC (i) = 0 for all sites. Furthermore,
whenever the system becomes trapped in the vacuum state, we replace a randomly chosen non-infected individual by an
infected one.
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Fig. 1. The density of active sites ρ versus τ for several lattices sizes. In (a) we show the a = 0.85 case and in (b) a = 1.0. The curves in (a) show a
sigmoidal shape and a marked inflection point which is a characteristic of critical behavior. In contrast, the case a = 1.0 shows an exponential decay for
large values of L which points to the absence of a phase transition. Data are plotted in a log-linear scale to emphasize the exponential decay in the case
a = 1 for large system sizes.
For the sake of clarity, we summarize the dynamical rules within oneMonte Carlo step in the CPRI model in the following
set of four stages:
(1) (i)—We randomly choose in the lattice a site i. If s(i) = 0 do nothing and randomly choose another site. If s(i) = 1 go to
the next step;
(2) (ii)—Then, this site becomes inactive, s(i) = 0, with probability 1. We set tC (i) = t and proceed to the next stage;
(3) (iii)—We check if any of the neighbors of the chosen site is inactive, s(i± 1) = 0. If not return to step (i). If the check is
positive, we follow to the last stage;
(4) (iv)—With probability λ(i± 1, t) these sites become active. Return to step (i).
3. Simulation results
In this section, we present the simulation results of the CPRI model where we focus on the differences between
the ordinary behavior of the CPRI model and its non-trivial limiting case a = 1. The critical points are found using a
phenomenological renormalization group approach and we explore finite-size effects to find the critical exponents β/ν⊥
and 1/ν⊥.
We start by exposing the results for the CPRI model by an illustrative plot of the density of active sites ρ against τ .
Representative data are presented in Fig. 1. In Fig. 1(a) we show the case a = 0.85 and in Fig. 1(b) the limiting case of
a = 1.0. In these figures, we show the behavior of ρ versus τ for several lattice sizes as indicated in the figure. For large
values of τ we have ρ → 0, that means, in this limit the immunization dominates the scenario and the fraction of infected
individuals decreases dramatically. For small values of τ , the system reaches a stationary state with a finite fraction of
infected individuals. A phase transition is evident in case (a) for τ below 0.9. However, a similar transition for case (b) is not
clear in this picture. Indeed, the typical sigmoid behavior of a phase transition represented by a curve with a critical point
localized close to its inflection is absent in this case.
To perform amore precise analysis of the critical properties of the CPRImodel, we use phenomenological renormalization
group ideas to obtain the critical values of the immunization time. As a condition to use a renormalization group technique,
we assume a continuous phase transition scenario. As such, a finite-size scaling form of the order-parameter density shall
hold in the vicinity of the critical point [10]. In order to estimate τc , we consider that the order parameter ρ, near criticality,
τ = τc , follows the scaling relation:
ρ(τ , L) = L−β/ν⊥ f [L1/ν⊥(τ − τc)]. (2)
In addition, Eq. (2) implies that the set of auxiliary functions
g(L, L′, τ ) = ln[ρ(L, τ )/ρ(L
′, τ )]
ln[L/L′] (3)
for lattice sizes L and L′ cross at a common point (τc,−β/ν⊥) in the thermodynamic limit of very large system sizes. A small
spread of the crossing point is usually associated with finite-size scaling corrections.
In Fig. 2 we use the above procedure to locate the critical point for the cases of a = 0.85 (a) and a = 1.0 (b). In the
set of functions g(L, L′, τ ) we have used the lattice sizes indicated in the figure. In case (a) we estimate τc at the crossing
of the curves while in case (b) we see clearly that the curves do not cross at a common point, indicating the absence of a
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Fig. 2. The auxiliary functions g(L, L′, τ ) versus τ for the pairs of lattice sizes indicated. In (a) we show the a = 0.85 case and in (b) a = 1.0. These two
cases illustrate the distinct behavior presented by the CPRI model: in (a) the critical immunization time τc is visible at the crossing point of the curves. In
(b) the absence of a common crossing point indicates the non-existence of a phase transition in this limiting case.
critical transition in this limiting case. Actually, Fig. 1(b) clearly shows that, in the regime of very large system sizes, the
density of active sites decays exponentially as τ increases. Although it may readily become small, an ultimate transition to
the absorbing state is not reached in the thermodynamic limit.
In order to characterize the universality class of the absorbing state phase transition that takes place for a ≠ 1, the first
critical exponent we compute comes from the scaling relation between the density of active sites, ρ, and the lattice size, L
at the critical point. The ratio between the order parameter exponent β and the correlation length exponent ν⊥ is obtained
from:
ρc(L) ∼ L−
β
ν⊥ , (4)
where ρc(L) is the density of active sites at the critical point estimated for the lattice size L.
The second exponent we measure in this work is estimated from the finite-size scaling behavior of the logarithmic
derivative of the order parameter density at criticality, which is related to the correlation length exponent ν⊥ according
to the scaling relation:
d ln ρ(L)/dτ |τc ∼ L
1
ν⊥ . (5)
The critical exponents of the CPRI model are determined from the data shown in Fig. 3. To construct Fig. 3(a) and (b)
we used lattice sizes L = 100; 200; 400 and 800. In both figures, we plot data corresponding to three values of a. All
of them present roughly the same slope within our numerical accuracy, which emphasizes that they belong to the same
universality class. The exponent β/ν⊥ is analyzed in part (a) where we plot in a log–log scale the order-parameter density
at the critical point ρc(L) against the lattice size L. The averaged estimated exponent was found to be β/ν⊥ = 0.25(2).
In Fig. 3(b) is plotted, also in a log–log scale, d ln ρ(L)/dτ |τc versus L to extract the exponent 1/ν⊥ as indicated in Eq. (5).
The derivate was estimated from a fourth-order polynomial fit of ln ρ(L) in the vicinity of τc . The data provide the average
exponent νperp = 0.87(7). We also plot in both figures auxiliary straight lines corresponding to the expected exponents for
the directed percolation class β/ν⊥ = 0.2524 and 1/ν⊥ = 0.9117 [1]. Our results indicate that the CPRI model belongs to
the universality class of directed percolation irrespective of the characteristic immunization time.
In Fig. 4 we show τc versus a. We call attention to two aspects in this figure. The first one is the divergence of τc at
a → 1. This means that, when themaximum infection probability is unity, the systemwill always remain in the active state
irrespective of the value of the characteristic immunization time. The inset shows the typical scaling relation of the critical
immunization time with themaximum infection probability in the vicinity of a = 1. In the log-linear scale, the nearly linear
behavior for small values of 1 − a indicates that for large immunization times, the maximum contamination probability
shall approach exponentially fast to unity in order to keep the system in the active phase. The second point we would like
to stress is that, as expected, if the maximum contamination probability is below a limiting value ac(τ = 0) ≃ 0.78, the
system evolves to the absorbing vacuum state irrespective of the immunization time.
It is interesting to analyze the relation between a and τc using as a representative parameter the contamination
probability averaged over the lattice, λ¯, as in Ref. [10]. We can roughly assume that, at criticality, τc shall rescale when
a varies in order to keep the averaged contamination probability over the lattice nearly close to its minimum critical value.
This condition is accomplished by increasing τc , Eq. (1). This reasoning explains the positive correlation between a and τc
observed in Fig. 4.
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Fig. 3. Scaling analysis in the vicinity of the critical point. In (a) is shown the scaling behavior of ρc(L) as a function of the lattice size L to estimate β/ν⊥ .
In (b) is explored the scaling behavior of d ln ρ/dτ at the critical point which gives an estimate of 1/ν⊥ . In both cases, we draw auxiliary straight lines
corresponding to the expected slope for the directed percolation to reinforce that the present model belongs to this universality class.
Fig. 4. The critical immunization time τc versus the maximum contamination probability a. These data show that an absorbing state phase transition only
takes place above a minimum value of a and that the critical immunization time diverges as a → 1. The inset shows the scaling behavior in the vicinity of
a = 1.
4. Discussion and conclusion
In summary, we introduced the contact process with relaxing immunization CPRI as a lattice model to investigate the
effect of immunization in the absorbing state phase transition depicted by the usual contact process model. The CPRI
model has a contamination probability λ(i, t) with two distinguishing properties. The first one is that it is a local variable,
that means, it depends explicitly on the location i of a given individual. The second is that λ(i, t) is a function of the
previous history of the individual. In this sense, the model incorporates a local immune memory and, as a consequence,
it contemplates time-dependent features: the dynamics on the present time is related not only to the previous time step
and the neighbors, but to the recent past history of each individual.
Concerning the critical properties of the CPRI model, we conclude by the robustness of the directed percolation
universality class in one dimension. The contamination probability at criticality is randomly distributed in space and time.
In this way, this model presents some degree of dynamic disorder in the contamination probabilities similar to a previously
introduced model with annealed disorder [12] that preserves the Directed Percolation Universality class. Therefore, as
already stressed in the literature [1,3], the critical exponents of the system do not depend on the actualization rules of
the model despite the fact that local time-dependent probabilities are introduced in the dynamical rules of the model.
It is illustrative to compare our immunization approach according to the CPRImodelwith previousworks in the literature
that incorporate space–time dependent probabilities [19,20]. In these works the contamination probability is established
according to probabilistic Lévy flight distributions in space and time P(r) ∼ r (−d−σ) and P(1t) ∼ (1t)−1−κ where σ
and κ are given exponents that govern the long-range character of these distributions. In these interesting approaches,
was found a new universality class that unveils a continuous set of critical exponents that depend on σ and κ . The non-
universality of the absorbing state phase transition found in these models is directly related to the absence of typical spacial
and temporal scales in theprobability distributions. In contrast, theCPRImodel introducedhere belongs to theusual directed
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percolationuniversality class because, although the probability probabilities are also randomly distributed in space and time,
the immunization time sets a typical time scale.
An interesting aspect of the CPRI model is that it shows a limiting regime where the system remains active for any
finite immunization time. Indeed, the limit a → 1 represents a situation of maximum infection probability that drives
the particles to a condition of global infection and the impossibility of any phase transition. We found that the maximum
contamination probability shall approach unity when the typical immunization time increases in order to keep the system
in the active state. This approach of the maximum contamination probability to unity was shown to be exponential. This
result corroborates the effectiveness of immunization procedures even when this process has a finite lifetime. Our reported
phase diagram indicates the required typical immunization period needed to drive the system to the inactive vacuum state
as a function of the degree of contamination of a given disease. This result can be potentially useful for future studies of
population dynamics aiming to develop vaccination strategies.
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